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Abstract Bañados et al. (BSW) found that Kerr black holes
can act as particle accelerators with collisions at arbitrarily
high center-of-mass energies. Recently, collisions of parti-
cles with spin around some rotating black holes have been
discussed. In this paper, we study the BSW mechanism for
spinning particles by using a metric ansatz which describes
a general rotating black hole. We notice that there are two
inequivalent definitions of center-of-mass (CM) energy for
spinning particles. We mainly discuss the CM energy defined
in terms of the worldline of the particle. We show that there
exists an energy-angular momentum relation e = h j that
causes collisions with arbitrarily high energy near extremal
black holes. We also provide a simple but rigorous proof that
the BSW mechanism breaks down for nonextremal black
holes. For the alternative definition of the CM energy, some
authors find a new critical spin relation that also causes the
divergence of the CM mass. However, by checking the time-
like constraint, we show that particles with this critical spin
cannot reach the horizon of the black hole. Further numerical
calculation suggests that such particles cannot exist anywhere
outside the horizon. Our results are universal, independent of
the underlying theories of gravity.
1 Introduction
In 2009, Bañados, Silk and West [1] first showed that
extremal Kerr black holes can act as accelerators of parti-
cles and arbitrarily high center-of-mass (CM) energies can be
obtained if one of the particles satisfies j = 2e, where j and e
are angular momentum and energy per unit mass. The BSW
mechanism then was extended to a variety of black holes
[2–14]. Most studies so far focus on test particles. A more
realistic model is to treat the particle as an extended body with
self-interaction and take the particle’s spin into account. The
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orbit of a spinning particle deviates from a geodesic and can
be described by the Mathisson–Papapetrou–Dixon (MPD)
equation [15–18]. The BSW mechanism for spinning par-
ticles in Kerr, Kerr–Newman and Kerr–Sen spacetimes has
been investigated [19–21].
The aim of our paper is to explore this issue in a model-
independent way. A general stationary axisymmetric black
hole can be described by the metric ansatz
ds2 = α(r, θ)2
(
−(r, θ)dt2 + dr
2
(r, θ)
)
+ dθ
2
θ(r, θ)
+ A(r, θ)2 (dφ − (r, θ)dt)2 , (1)
which represents most stationary axisymmetric black holes in
general relativity or other theories of gravity, such as: Kerr–
AdS (dS) [22], warped AdS [23], Myers–Perry black hole
[24], Kerr–Newman [20], Kerr–MOG [25,26], Kerr–Sen
[27], Einstein–Maxwell-dilaton black holes [28], Horava–
Lifshitz black holes [29], rotating charged cylindrical black
holes [30], rotating ABG black holes [31], rotating black
holes in a Randall–Sundrum brane [32], Kerr–Taub–NUT
[33], Kerr–Bardeen black holes [34], rotating Hayward black
holes [35,36], Bardeen black holes [37]. Zaslavskii [4] used a
metric in coordinates {t, l, z, φ}, which we believe is equiva-
lent to Eq. (1), to obtain some general properties of the BSW
mechanism for spinless particles.
Our analysis is based on the metric ansatz (1). We only
impose a few natural conditions on the spacetime, like the
existence of the equatorial plane located at θ = π/2. We
derive the general critical relation j = he, where j and e
are the angular momentum and energy per unit mass of the
particle, and h is the angular velocity of the horizon. This
relation leads to the divergence of the CM energy around
extremal black holes. Besides, we derive a lower bound on
the energy per unit mass of the particle, which is 1/3 for
spinless particles in Kerr spacetime.
It is worth noting that there are two inequivalent definitions
of the CM energy in the literature. Usually, particle’s momen-
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tum is parallel to its worldline. But this is no longer true in the
presence of spin. So the CM energy can be defined in terms
of the worldline (see [19]) or the momentum (see [21]). We
prefer the worldline version of the CM energy because if it
diverges, it means that the relative speed of the two particles
approaches the speed of light. In contrast, if the momentum
version of the CM energy diverges, its physical implication
is not very clear. Therefore, our analysis is mainly based on
the worldline version, which we refer to as Definition 1. At
the end of the paper, we calculate the BSW effect based on
the momentum version (Definition 2). Interestingly, the two
definitions give the same critical angular momentum-energy
relation that causes the CM energy to diverge at the horizon.
Definition 2 also leads to a critical spin, causing divergence of
the CM energy in Kerr–Sen black holes [21]. However, our
analysis shows that such divergence is unlikely to happen
because it violates the timelike constraint of the particle.
The structure of the paper is as follows. In Sect. 2, we
derive the motion of spinning particles in the equatorial plane
of the black hole by employing the Mathisson–Papapetrou–
Dixon equation. In Sect. 3, we derive the divergence con-
dition of the CM energy associated with Definition 1 for
extremal black holes and show that the BSW mechanism
breaks down for nonextremal black holes. In Sect. 3, we
investigate the divergence conditions associated with Def-
inition 2. Concluding remarks are given in Sect. 5.
2 Motions of spinning particles
Let F(r, θ) represent one of the functions in Eq. (1). We
assume that the spacetime possesses the parity reflection
symmetric θ → π − θ . This implies that in the equatorial
place θ = π/2,
∂F
∂θ
∣∣∣
θ=π/2 = 0, (2)
In general, the black hole horizon is located at r = rh
which satisfies |rh = 0. The angular velocity of the black
at the horizon is
h = (rh). (3)
The spacetime is stationary and axisymmetric with Killing
vector fields
ξa =
(
∂
∂t
)a
, φa =
(
∂
∂φ
)a
. (4)
We shall investigate the behaviors of spinning particles
moving outside the black hole. By integrating the stress-
energy tensor T ab over the particle, one can define the
momentum Pa and the spin tensor Sab [15]. As shown by
Beiglböck [41], there exists a unique timelike world line
xμ(τ) which is called the center of mass of the particle. Then
the motion of the particle can be described by the well-known
Mathisson–Papapetrou–Dixon (MPD) equation [15,19]
D Pa
Dτ
= −1
2
Rabcdvb Scd , (5)
DSab
Dτ
= Pavb − Pbva, (6)
where
va =
(
∂
∂τ
)a
(7)
is the tangent vector to the world line and DDτ is the covariant
derivative along the world line. Define
ua = P
a
m
(8)
as the dynamical velocity, where the mass m is defined by
m2 = −Pa Pa, which is a constant along the orbit [15]. Using
the normalization condition uava = − 1, one can obtain the
relation between ua and va [42]:
va − ua = S
ab Rbcdeuc Sde
2
(
m2 + 14 Rbcde Sbc Sde
) , (9)
which implies that the momentum Pa is not tangent to the
world line of the spinning particle in curved spacetimes.
Moreover, the two Killing vector fields in Eq. (4) corre-
spond to the conserved energy and angular momentum per
unit mass, which can be written as
e = E
m
= −uaξa + 12m S
ab∇bξa,
j = J
m
= uaφa − 12m S
ab∇bφa . (10)
In order to calculate these quantities, we rewrite the metric
in the tetrad form
gab = ημνe(μ)a e(ν)b , (11)
where
e(0)a = α
√
(dt)a,
e(1)a =
α√

(dr)a ,
e(2)a =
1√
θ
(dθ)a ,
e(3)a = A ((dφ)a − (dt)a) . (12)
We consider spinning particles moving in the equatorial plane
(θ = π2 ), which means the tetrad component v(2) = 0. We
first introduce a spin vector s(a) such that
S(a)(b) = mε(a)(b)(c)(d)u(c)s(d), (13)
where ε(a)(a)(c)(d) is the completely antisymmetric tensor
with the component ε(1)(2)(3)(4) = 1. From Eq. (9), we find
u(2) = 0 and the only nonzero component of s(a) is [42]
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s(2) = −s, (14)
where s indicates both the magnitude and the direction of the
particle’s spin, which is parallel to the black hole’s spin for
s > 0 and antiparallel for s < 0. Then we can show that the
nonvanishing components of the antisymmetric spin tensor
Sab are
S(0)(1) = −msu(3),
S(0)(3) = msu(1),
S(1)(3) = msu(0). (15)
Substituting Eq. (15) into Eq. (10), we obtain
e =
(
sA′
α
+ As
′
2α
+ α
)√
u(0)
+
(
A + sα
′
α
+ s
′
2
− A
2s′
2α2
)
u(3), (16)
j =
√
s A′
α
u(0)
+
(
A2s′
22(α − 1) −
A

+ 1
2
αs′
)
u(3), (17)
where the prime represents the derivative with respect to r .
Here we have used Eq. (2), i.e., the partial derivative with
respect to θ vanishes on the equatorial plane. In the tetrad
frame, the normalization condition uaua = − 1 is simply
−
(
u(0)
)2 + (u(1))2 + (u(3))2 = − 1. (18)
Solving Eqs. (16)–(18), we find
u(0) = √
X
, (19)
u(1) =
√
O√
X
, (20)
u(3) = Y
X
, (21)
where
O = 2 − 
(
X2 + Y 2
)
, (22)
and
 = 2 jsα2(2α′ + α′)
+ 2Aα(e − j)(As′ − 2α2), (23)
X = A3s2 (′)2 + 2α2s2 A′′ + 4αs2α′ A′ − 4α4 A,
(24)
Y = −2α2
[
Ajs′ + 2α2 j − 2s A′(e − j)
]
. (25)
By calculating Eq. (9), the relation between the normal-
ized momentum vector ua and the 4-velocity va can be
expressed as
v(0) ∝ (X + ξ)u(0) + √ζu(3), (26)
v(1) ∝ Xu(1), (27)
v(3) ∝ ωu(3) − √ζu(0), (28)
where
ξ = 4αs2 (αA′′ − 2α′ A′) , (29)
ζ = −2As2 [′ (3αA′ − 2Aα′) + αA′′] , (30)
ω = 2α2s2 A′′ − 4α4 A − 3A3s2 (′)2 + 4Aαs2α′′
+A
(
4αs2α′′ − 4s2 A (α′)2) . (31)
For spinning particles, vava is not a conserved quantity. This
will lead to possible superluminal motions and causality
problems. Therefore, we need to impose the timelike con-
dition
vava < 0, (32)
i.e.,
X4 + X2Y 2 + 2X (ξ + ζY )
− (ζ − ωY )2 + (ξ + ζY )2 > 0. (33)
Finally Eq. (19) implies that a physically allowed trajectory
should satisfy
O ≥ 0. (34)
3 Collision of two spinning particles
As mentioned in the introduction, there are two inequivalent
definitions of the CM energy. We shall use the definition in
terms of the worldline (Definition 1) [19] in this section. The
alternative definition will be discussed in the next section.
3.1 Center-of-mass energy
Now we consider two spinning particles with the same mass
m colliding into each other outside the black hole. The center-
of-mass energy is defined by [1]
Ec.m. =
√
2m
√
1 − gabna1nb2, (35)
where na = λva is the normalization of va , satisfying
nan
a = − 1, and the subscripts 1 and 2 label the two parti-
cles. For simplicity, we can define the effective CM energy
[3]
Eeff ≡ −gabna1nb2 = −λ1λ2gabva1vb2 . (36)
Let
Vi j = − gabvai vbj , (37)
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where i, j = 1, 2. Then it is easy to show
Eeff = V12√V11V22 . (38)
Substituting Eqs. (19) and (26) into Eq. (37), one finds
V12 = 12 −
√
O1 O2

+ B12 + C12
X1 X2
, (39)
Vii = X2i + Y 2i +
Bii + Cii
X2i
, (40)
where
Bi j = ζ ji Xi Y j + ζi j X j Yi − ζiζ ji j + i jξ j Xi
+i jξi X j + ζ j jωi Yi +ζiiω j Y j − ωiω j Yi Y j ,
(41)
Ci j = (Yiζi + iξi )(Y jζ j +  jξ j ). (42)
Our purpose is to investigate whether arbitrarily high CM
energies can be obtained near the black hole. By substituting
Eqs. (39) and (40) into Eq. (38), we see that a divergent CM
energy is attainable only on the horizon = 0. Therefore, we
need to study the behavior of Eeff near the horizon. Denote
the first numerator in Eq. (39) by K , i.e.,
K = 12 −
√
O1 O2. (43)
By expanding K near the horizon, we find that the leading
term is given by
K ≈ 
2
((
X21 + Y 21
)
2
1
+
(
X22 + Y 22
)
1
2
)
. (44)
Substituting Eq. (44) into Eq. (39), we get
V12|h = 12
((
X21 + Y 21
)
2
1
+
(
X22 + Y 22
)
1
2
)
+ B12
X1 X2
,
(45)
and
Vii |h = X2i + Y 2i +
Bii
X2i
, (46)
where h denotes the horizon. It is easy to see that the neces-
sary condition for Eeff to blow up is that one of the particles
satisfies  = 0 at the horizon. Note that near the horizon,
 ∼ (r − rh)2 for the extremal case, and  ∼ (r − rh) for
the non-extremal case. It means that ′ = 0 on the extremal
horizon and ′ = 0 for the non-extremal horizon. This dif-
ference is crucial on the BSW mechanism. Therefore, we
need to discuss them respectively.
3.2 Extremal case
In the extremal case, using  = ′ = 0 on the horizon, Eq.
(23) becomes
 = 2Aα(e − jh)
[
A′s − 2α2)
]
, (47)
X = A3′2s2 − 4Aα4. (48)
Denote
sc = 2α
2
A′
∣∣∣
h
. (49)
Then
 = 2A2′α(e − jh)(s − sc), (50)
X = A3′2(s2 − s2c ), (51)
and
V12 = F1 (e2 − j2h)(s2 − sc)
(e1 − j1h)(s1 − sc)
+ F2 (e1 − j1h)(s1 − sc)
(e2 − j2h)(s2 − sc) +
H12
(s21 − s2c )(s22 − s2c )
,
(52)
Vii = 2Fi + Hii
(s2i − s2c )2
, (53)
where
Fi = 12 (X
2
i + Y 2i ), Hi j =
Bi j
A6′4
. (54)
Without loss of generality, we assume that s2i < s
2
c . Substi-
tution of Eqs. (52) and (53) into Eq. (38) yields
Eeff = (s
2
1 − s2c )(s22 − s2c )√
[H11 + 2F1(s21 − s2c )2][H22 + 2F2(s22 − s2c )2]
×
[
H12
(s21 − s2c )(s22 − s2c )
+ F1(s2 − sc)(e2 − h j2)
(s1 − sc)(e1 − h j1)
+ F2(s1 − sc)(e1 − h j1)
(s2 − sc)(e2 − h j2)
]
, (55)
which shows clearly that Eeff is divergent if and only if one
of the particle satisfies the relation
ei = h ji . (56)
This is the general critical condition which has been con-
firmed by many black hole solutions.
Finally, we need to ensure that such a particle can actually
reach the horizon. Note that when Eq. (56) is satisfied, we
have |h = 0. Then, condition (33) becomes
X4 + X2Y 2 − Y 2ω2 > 0 on r = rh, (57)
123
Eur. Phys. J. C           (2019) 79:378 Page 5 of 8   378 
i.e.(
A3s2
(
′
)2 − 4α4 A)4 + 4α4 A2 j2
×
(
2α2 + As′
)2 (
A2s2
(
′
)2 − 4α4)2
−4α4 j2
(
2α2 + As′
)2
×
(
3A3s2
(
′
)2 − 2α2 As2 A′′ + 4α4 A)2 > 0. (58)
Since O ′|h = 0 and
O ′′|h = 2′2 − ′′(X2 + Y 2), (59)
condition.(34) can be written as
2′2 − ′′(X2 + Y 2) > 0, (60)
i.e.
8α2
(
α2 js′′ − Aj′
(
As′ − 2α2
))2 − ′′
×
((
A3s22 − 4α4 A
)2 + 4α4 (Ajs + 2α2 j)2
)
> 0
(61)
on the horizon r = rh .
In particular, for the spinless case s = 0, one can show
that Eq. (58) is always satisfied and Eq. (61) reduces to
e2 >
2α2 A2′′
2A2′2 − α2′′
∣∣∣
h
. (62)
Note that the right-hand side of the inequality is a con-
stant depending only on the parameters of the black hole.
So in addition to the critical relation, the energy of the par-
ticle should satisfy this inequality as well. In Kerr–Newman
spacetimes, Eq. (62) becomes
e2 >
M2 − Q2
3M2 − 4Q2 , (63)
where we have used the extremal conditions rh = M, a =√
M2 − Q2. For Kerr black holes Q = 0, Eq. (63) further
reduces to e2 > 13 . This lower bound imposed on the energy
of the particle per unit mass is a necessary condition for the
BSW mechanism, which has been ignored in the literature.
3.3 Nonextremal case
We may repeat the above computation for nonextremal cases.
The major difference is that ′ = 0 for nonextremal black
holes. By similar calculation, we obtain now
Eeff = 2B1212+X
3
1 X2
2
2+X1 X3221+X1 X2Y 22 21+X1 X2Y 21 22
2
√
B11+X41 +X21Y 21
√
B22+X42 +X22Y 22 12
.
(64)
Eq. (64) shows that the necessary condition for the CM
energy to blow up is
|h = 0. (65)
However, we need to check Eq. (34) to see whether the par-
ticle can reach the horizon under this condition. From Eq.
(22), we see immediately
O|h = 2 − (X2 + Y 2) = 0. (66)
Furthermore,
O ′|h = 2′ − (X2 + Y 2)′
− (X2 + Y 2)′ = −(X2 + Y 2)′. (67)
Since
′|h > 0, (68)
we have
O ≈ O ′|h(r − rh) < 0, (69)
near the horizon, which means that the particle cannot reach
the horizon with the parameters satisfying the condition (65).
So the divergent energy can not be obtained mechanism fails
for non-extremal black holes when the particle satisfies the
critical relation (64). Although this result has been known for
many specific black holes, we provide the general proof for
the first time and only use the simple fact that  is positive
outside the black hole.
However, as shown in Refs. [4,38–40], For non-extremal
black holes, the arbitrary high energy can also be obtained
from the collision in the near-horizon region when one of
the particles possesses the near-critical angular momentum.
Here, we shall extend this argument to our general frame-
work. Let r = rc be the point where the collision occurs.
Assume the particle satisfies the so-called near-critical rela-
tion
(rc) = χ
√
(rc), (70)
where χ is a finite coefficient satisfying
(χ2 − X2 − Y 2)
∣∣∣
rc
> 0, (71)
which ensures that O(rc) > 0.
When particle 1 is near-critical, i.e., satisfying Eq. (70),
and particle 2 is usual, by using Eqs. (38) and (39), we can
obtain the effective energy at the collision point
Eeff ≈ 2|h√
(rc)
[
χ1 −
√
χ21 − X21 − Y 21
]∣∣∣∣
h
. (72)
We see that Eeff is divergent when (rc) → 0.
Finally, in order to avoid superluminal motion of the near-
critical particle, we should consider the timelike condition
(33), which reduces to
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X4 + X2Y 2 − ω2Y 2 > 0. (73)
at near the horizon. In the Schwarzchild spacetime, the crit-
ical relation (65) becomes
e = Msj
r3h
= s j
8M2
, (74)
Substitution Eq. (74) into Eq. (73) yields
e <
16M2 − 2s2
8M
√
3(16M2 + s2) <
1
2
√
3
< 1. (75)
These results are actually in agreement with those found in
Ref. [38]. Obviously, a particle released from infinity must
satisfy e ≥ 1. Thus, Eq. (75) implies that the collision cannot
be realized for particles falling from infinity. This differs
from the extremal case. As suggested by Zaslavskii [4,38],
the near-critical particle can be produced through multiple
collisions, instead of direct collisions.
4 Collision of two spinning particles—alternative
definition of CM energy
In this section, we turn to an alternative definition (Definition
2) of the CM energy, which is [20,39]
E ′c.m. =
√
2m
√
1 − gabua1ub2, (76)
where ua is given by Eq. (8), i.e., proportional to the momen-
tum Pa . The corresponding effective CM energy is just
E ′eff = − gabua1ub2. (77)
Substituting Eq. (19) into Eq. (77), one obtains
E ′eff =
12 − √O1 O2

− Y1Y2
X1 X2
. (78)
We see that a divergent CM energy is possible only when
Xi = 0 or  = 0.
First, the effective energy at the horizon  = 0 takes the
form
E ′eff =
1
2
((
X21 + Y 21
)
2
1
+
(
X22 + Y 22
)
1
2
)
+ Y1Y2
X1 X2
.
(79)
In the extremal case ′ = 0 , the divergence condition i =
0 yields
ei = h ji , (80)
which is the same as that we obtained in the last section.
However, Eq. (78) indicates that when Xi = 0, E ′eff also
diverges. This gives another critical condition
si = −sc. (81)
This critical spin relation does not apply to the CM energy
defined in the last section. As discussed in [21], this spin rela-
tion can cause infinite CM energy near Kerr–Sen black holes
since the critical spin sc can be arbitrarily small. However,
by substituting Eq. (81) and calculate vava at the horizon,
we find
vava ∝ (ζ − ωY )2 > 0, (82)
which violates the timelike condition (33). Therefore, parti-
cles with the critical spin cannot reach the horizon and the
divergence of the CM energy cannot be realized .
For the nonextremal cases, in the last section, we have
proven that for the exactly critical relation  = 0, the particle
cannot reach the horizon. One can check that the divergence
condition X = 0 also violates the constraint (33) at the hori-
zon, i.e., the divergent CM energy cannot be obtained for the
nonextremal black hole through the collision on the horizon
when the particle satisfied the critical relations. However, by
the argument similar to Sect. 3.3, one can show that arbitrar-
ily high CM energies can be obtained when one of the particle
satisfies the near-critical relation (70) in nonextremal cases.
Since the ultraenergetic collision near the horizon has been
ruled out, we now turn to the collision that occurs away from
the horizon. By imposing the critical condition X = 0, we
find that the timelike condition Eq. (34) becomes
T = (ξ + ζY )2 − (ζ − ωY )2 > 0. (83)
For Kerr–Newmann spacetime, we have ξ = ζ = 0. So Eq.
(83) cannot be satisfied anywhere outside the horizon.
An interesting example is the Kerr–Sen black hole, for
which the corresponding parameters in the line element (1)
can be written as
α2 = r(μ cosh(2η) − μ + r)√
r
(
4μ sinh2(η)
(
a2+r2+μr sinh2(η)) + a2(2μ+r)+r3) ,
(84)
 = a
2+r(r − 2μ)√(
a2+r2+2μr sinh2(η))2 − a2 (a2+r(r − 2μ))
, (85)
A2 = a
2(2μ cosh(2η)+r)
μ cosh(2η) − μ+r +μr cosh(2η)+r(r − μ), (86)
 = 2aμ cosh
2(η)
4μ sinh2(η)
(
a2+r2+μr sinh2(η))+a2(2μ + r) + r3 ,
(87)
where the parameters μ, η, and a are associated with the
physical mass M , charge Q, and angular momentum J . Sub-
stituting Eqs. (85)–(87) into Eq. (83), together with the diver-
gence condition X = 0, one can obtain the function T (r).
The expression ofT (r) is rather complicated and it is unlikely
to make a complete analysis. However, numerical calculation
suggests (see Fig. 1) that T − r is always negative outside
the horizon, which means that, for the Kerr–Sen black hole,
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Fig. 1 The plot of T − r out of
the horizon, where we set j =
2, e = 1, μ = 2, a = 1, η = 1
the critical spin relation (81) cannot lead to the divergence
of the CM energy. This result is different from that in [21].
5 Concluding remarks
In summary, we have found some universal features of the
BSW mechanism for spinning particles colliding near rotat-
ing black holes. We noticed that two different definitions of
the CM energy have been used in the literature. For Defini-
tion 1, i.e., the definition in terms of the world line, we have
shown that arbitrarily high CM energies can be obtained near
the horizon of an extremal black hole when the critical rela-
tion e = h j is satisfied. Although the definitions of the
conserved angular momentum and energy have been modi-
fied due to particle’s spin, the critical relation is the same as
spinless particles. In addition, we found another constraint
on the particle’s energy per unit mass. We also showed that
collisions around a nonextremal black hole cannot create
divergent CM energies when the particle satisfies the crit-
ical relation, but when one of the particles satisfies the near-
critical relation (70), divergent CM energies can be obtained
in the scenario of multiple scattering instead of direct
collision.
For Definition 2 of the CM energy, we showed that the
same critical relation e = h j gives the divergence of the
CM energy near the extremal horizon. Some authors claimed
that the critical spin relation s = −sc can also cause ultraen-
ergetic collisions around Kerr–Sen black holes. However, by
checking the timelike condition, we demonstrated that such
collisions are unlikely to happen.
Our analyses are mainly based on a general metric ansatz
describing rotating black holes. No field equations have
been employed in our derivation. So our results are theory-
independent and can apply to a wide class of rotating black
holes.
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